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Abstract 

We look for possible nonsupersymmetric black hole attractor solutions for type II compactification on 
(the mirror of) CY 3 (2, 128) expressed as a degree-12 hypersurface in WCP 4 [1, 1, 2, 2, 6]. In the process, 
(a) for points away from the conifold locus, we show that the existence of a non-supersymmctric attractor 
along with a consistent choice of fluxes and extremum values of the complex structure moduli, could 
be connected to the existence of an elliptic curve fibered over C 8 which may also be "arithmetic" (in 
some cases, it is possible to interpret the extremization conditions for the black-hole superpotential as 
an endomorphism involving complex multiplication of an arithmetic elliptic curve), and (b) for points 
near the conifold locus, we show that existence of non-supersymmetric black-hole attractors corresponds 
to a version of ^-singularity in the space Image(Z 6 — > R 3 )) fibered over the complex structure 

moduli space. The (derivatives of the) effective black hole potential can be thought of as a real (integer) 
projection in a suitable coordinate patch of the Veronese map: CP 5 — > CP 20 , fibered over the complex 
structure moduli space. We also discuss application of Kallosh's attractor equations (which are equivalent 
to the extremization of the effective black-hole potential) for nonsupersymmetric attractors and show that 
(a) for points away from the conifold locus, the attractor equations demand that the attractor solutions 
be independent of one of the two complex structure moduli, and (b) for points near the conifold locus, 
the attractor equations imply switching off of one of the six components of the fluxes. Both these features 
are more obvious using the atractor equations than the extremization of the black hole potential. 
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1 Introduction 



It has been shown that extremal black holes exhibit an interesting phenomenon - attractor mechanism [1]- 
the moduli are "attracted" to some fixed values determined by the charges of the black hole, independent 
of the asymptotic values of the moduli. Supersymmetric black holes at the attractor point, correspond to 
minimizing the central charge and the effective black hole potential, whereas nonsuper symmetric attractors 
[2], which have recently been (re)discussed [3], at the attractor point, correspond to minimizing only the 
potential and not the central charge. Recently, attractor equations for (non) supersymmetric black holes 
and flux vacua were given by Kallosh [4] (For an earlier derivation, see [5] 3 ), and some examples verifying 
the same were studied in [7] including IIB compactified on one-parameter Calabi-Yau's - the attractor 
equations, however, are equivalent to extremizing the effective black hole potential (See [6] and references 
therein). In this paper, we discuss the existence of possible nonsupersymmetric attractor solutions to type 
IIB compactified on a two-parameter Calabi-Yau, both, from the equivalent points of view of extremizing an 
effective black- hole potential and also by using the attractor equations. We get some interesting connections 
between arithmetic and geometry and nonsupersymmetric black-hole attractors. We emphasize that we 
stress more on the forms of the various equations rather than their numerical content. 

The plan of the paper is as follows. Section 2 consists of the bulk of the calculations and results as 
regards the non-supersymmetric black hole attractors from minimizing the effective black-hole potential. It 
is divided into two parts - 2.1 deals with points in the moduli space away from the singular conifold locus, 
and 2.2 deals with points near the same - 2.1 is further subdivided into two parts: 2.1.1 deals with positive 
eigenvalues of the mass matrix and 2.1.2 deals with null eigenvalues of the mass matrix. Section 3 has a 
discussion on the use of the new attractor equations of [4] to get non-supersymmetric attractors; it is divided 
into two (short) parts - 3.1 is for points in the moduli space away from the singular conifold locus and 3.2 
is for points close to the same. There are three appendices relevant to the calculations in sections 2 and 3. 
Section 4 has the conclusions and discussion on future directions. 

2 The Black Hole Potential Extremization, the Mass Matrix and At- 
tractor Solutions 

In this section we work out possible attractor solutions obtained by extremizing the effective black-hole 
potential for points in the moduli space, both away and near the conifold locus of the mirror to a two- 
parameter Calabi-Yau with h 1,1 = 2, h 2 ' 1 = 128, expressed as a degree-12 hypersurface in WCP 4 [1, 1, 2, 2, 6]. 

2.1 Away from the Singular Conifold Locus 

The defining hypersurface for the mirror to the aforementioned Calabi-Yau is: 

xl + x{ 2 + xl 2 + xl + x\ - 12lfjX XlX2X 3 X4 - 2(f)XiX2 = 0, (1) 

with h 1 ' 1 = 128 and h 2 ' 1 = 2. Under the symplectic decomposition of the holomorphic three-form Q canonical 
homology (A a , B a , a = 1, 2, 3) and cohomology bases (a a , fl a ), defining the periods as f Aa 0, = z a , J Ba 0, = F a , 

We thank S.Ferrara for bringing [5] to our attention 
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such that f2 = z a a a — F a (3 a . Then, the Kahler potential K is given by: — Zn(— i(r — r) — ln(—i J CY ^Afi) = 
ln(—i{r — f )) — ln(— in^Sn), II being the six-component period vector and £ = ( ] ■ 

V -i 3 / 

Expanding about a point in the moduli space away from the conifold locus, such as (f> = 2 (or equivalently 
z = 0) and i/j = (See [8, 9, 10]), one gets the following period vector: 



g (-1 + (-!)£) tt! (-576 2^(^,^,1,1) + 482; 2 Fi(X, 1, |) + 7z 2^1 (jf , 2, ^)) . 

2 lr(|f 



n = r f 18 V x 1 V V ^" V ^ U12J 12' 4^ ^"^ ^ U12J 12' fl U 12' 12J_^ iZZ i 



/Z » 2§ (3 + 2z + 4 (-1)^ + (-1)^) ttI (-576 ^(X, ^, 1, i) + 48 z 2 Fi(X, X, 1, |) + 7 z 2 Fi(lf, §, 2, \)) 
-108 ^ 2 (-128 y/E EllipticK (1) + 32 z EllipticK '(|) + 9tt z 2 Fi(^, J, 2, i)))}, 



r (-~ A)^(~576 gJUAjliUl+jSf 2 Fi(^,^,l,i) + 7z ^(13, i|,2, i)) ^ 



r( 6 ) 

+32 J6z EllipticK^) + 9.: 2 fi(|, j, 2, i)))}, 

r( 6 ) 

+32 V6z EllipticK {^) + 9ttz 2 F 1 (j, J, 2, ±)))}, 

/Z i , 2§(l + (-l)£)7r§ (-576 2 Fi(X, X, 1, |) + 48 z 2 F X (^, ^ 1, |) + 7z gi^g , 2, 1)) 
{ 72^ ( r(|) » 

-108 1\? (-128 \/6 EllipticK (-) + 32^2 EllipticK (-) + 9 tt z 2 Fi(-, -, 2, -))), }} 

where the complete elliptic integral of the first kind EllipticK \u) = , d ^ == = . One then constructs the 
superpotential: 
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Ttt _ 1 2i23(-l + (-l)T5)/ l7r 2 (-576 2 Fi(^, I 1, |) + 48z ^(^ I 1, {) + 7z ^(^,2,1)) 



w = rn = -vr( 



72 r( |) 3 

| (2-2«)2§/ 3 7rf (-576 2 Fi(X X, i, |) + 48 z X, i, |) + 7 z 2 Fi(i|, 2, i)) 

r(|) 3 

2§(1 + (-1)^1 (-576 2 Fi(X,^,i,i) + 48z 2 F 1 (^, X l, |) + 7 z 2 Fi(j|, ±f, 2, |)) 

r(|) 3 
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-ifi( 



-108 V 2 (-128 V~6 EllipticK(^) + 32 V6zEUipticK(^) + 9 ir z 2-Fi(^, ^ 2 >^))) 
2§ (3 + 2z + 4(-1)^ + (-1)^)tt§ (-576 2 i^, ^, 1, |) + 48 z 2^1(7^ ^, 1, |) + 7z 2^1(^,^,2, ^)) 

r(|) 3 

-108 V 2 (-128 V6EllipticK(^) + 32 V6zEllipticK(^) + 9 ttz 2-Fi(|, |,2, J))) 



-2i/ 4 ( 



2§ tt! (-576 2 F 1 (^,l,i) + 48z 2 Fi(^^l,j) + 7^ 2 F 1 (^, §,2, \)) 

r(|) 3 



2 2 5 7 1 

-54 V 2 (-128 V6EllipticK(-) + 32 y/E z EllipticK '(-) + 9vr z 2^1(4; ^, 2, -))) 

jj (-576 2 F 1 (^,^,l,i) + 48z ^(^,^,1,1) + 72; ^(13,19,2,1)) 

( r ( |) 3 

-54 V 2 (-128\/6£;/^cK(^) + 32 V6z EllipticK (^) +9nz 2 Fi(|, |, 2, ^)))) 
The Kahler potential is given by: 

K = — logla+6V +cz+dip z+gzip +bip +cz+hzz+jip z z+ip gz+dij) z+zjip z+ikip V ( — 2+2)), 

from which one calculates the metric: 

where 

c 2 — ah + h 2 zz 

9zz = ~ ~2~ ' 

[a + cz + cz) 

_ 4|V| 2 (gz + b + dz) (b + dz + gz) 

Sipip — ; j ; 172 ' 

(a + cz + cz) 

_ 2tj; ((c + hz) (g z + b + dz) - (a + cz + cz) (g + ] z)) 

9 zip — ; j j 172 • 

[a + cz + cz) 

The effective black hole potential in type II theories is given by: 

V = e K (g fj D i WD ] W + \W\ 2 ), (3) 

W being the superpotential, K the Kahler potential and the covariant derivative D.\W = diW + diKW. 
The first derivative of the potential is given by (See [11]): 

diV = e K (g j ~ k D i D j WD- k W + dig^DjWDjW + 2D { WW). (4) 
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Using the results of the appendix A, one can see that for \z\ « 1, « 1, up to C(terms second order 
in z and/or tp and their complex conjugates) in the numerators and the denominators, 



ai + kz + ciz \ 

D.WW- a f +b J + C l , (5) 



g f] D z DiWD 3 W, d z g fj DiWD 3 W ~ ^ e iaim ' 9{y) 

a + bz + cz 
a' + b'z + c'z ' 



and 



(fi) 



, a' + b'z + c'z 
where ccj = 2,-2,0. This implies that 



1 V" J^arg^) ( Aj + BjZ + CjZ \ 



\A'+B'z + C'z 



If one complexifies and projectivizes the /jS, then the effective potential extremization conditions d z V = 
d^V = could correspond to real integer projections of intersection of quadrics in a suitable patch of 
CP 5 (/i : ... : fe) fibered over C(z) x R(arg(y)), which correspond to four real non-linear constraints on the 
six flux components /jS and the two complex complex structure moduli z, ip. It is interesting to note that 
the expression diV, for a given extremum values of the complex structure moduli (for complex projective 
space valued /,s) would correspond to the Veronese map: CP 5 (/i : ... : fy) — > CP 20 (/^ : /1/2 : ... : /|)(~ §j 
where the Z2 flips the signs of all the /js). Veronese surfaces and maps have been shown to have connection 
with moduli spaces relevant to MSSM (See [12]). 

The mass matrix corresponding to fluctuations (assumed to have been separated into their real and 
imaginary parts) of the effective black-hole potential about the extremum, is given by: 

/ 2{Re{d i d 3 V) + Re(didjV)] -2[7m(S i a j y) + Im{didjV)] \ 

\-2[Im(didjV) + ImididjV)} 2[Re{d i d j V) - Re{did 3 V)\ )' { ) 

The second derivatives of the black hole potential are given as (See [11]): 

didjV = e K {g kl D i D k D T WD T W + d l9 kl B k B 3 W B T W + 8 3 g kT D k D t W D T W 
+3DiDjWW + did jg kI D k WD T W - g kl d % g kl D k WW), 
didjV = e K (g kI D i D k WD I D ] W + [2\W\ 2 + g kT D k W D T W)g f] 

+d i g kl D k WD l D 3 W + dj^DiDkWDjW + SDiWDjW + did 3 g kT )D k W D T W . (9) 
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Using the results of the appendix A, one can show that up to O (second order in z and/or -ip and 
complex conjugates) in the numerators and the denominators: 



g^D z DiD z WD 3 W, d^DjD.WDjW, d g d z g* DJN DjW ~ E j^M) ( ^±^±^ j , 
a + bz + cz 



D Z D Z WW 



a' + V + c'z ' 

where ctj = —2, 0, 2. 
Therefore, 

d z 8 z V ~ V e <aiarfl W ( Ai + Biz + Ciz\ 
Again, using the results of the appendix A, one sees that: 

a Unn w n ur e~ 2iar ^ ( a + bz + cz \ 

WW* 

g^DtWW ~ |V| E (^IT?I) ' 

i 

where = -2, -4; 7; = 1, 3. This yields: 

^ IYfY U^ + ^ + c^y 

Similarly, using the results of the appendix A, one sees that: 

p -3iarg(ip) / , l , = \ 



a' + 6'z + c'z 
a + bz + cz \ 
t! + b'z + c'z/ 
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where a, = ±l,/3j = ±1, —3. Therefore, one obtains: 



We now come to the evaluation of didjV - the other ingredient necessary for the evaluation of the mass 
matrix (8). Referring again to the appendix A, one sees: 

/W^WDjD.W, g t] g*D t WDjW ~ ]T e^W f^i + J ' + < < : 



a' + b\z + c'z 



p -3iarg(ip) / , L , = 



U- + V s z + dz 



9z - z \W\\ D Z WD Z W ~ ( + g ) . (16) 

1 1 ya' + 6'z + b'zj v ; 

One therefore finally gets: 

e -3mr- 9 (V>) / a + fe^ + te \ 

— _____ . (17) 



Similarly, using the results from the appendix A, one arrives at: 

W'A^~^(^f), (18) 
which finally yields: 

1 ( A{arg%l)) +B(argi))z + B{arg%l))z\ 

A' + B'z + B'z J' (19) 

Finally, using again the results from the appendix A, one sees that: 

fi „ „ TIr „ „ rJr 1 f a + bz + cz \ 

e -2iar- 3 (^) / a + ftz + c ^ 



*V 3 A^«-^E(^±f), (20) 
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which gives: 



d z dj,V 



1 



+ bz + cz 



|Vf \a' + Vz + dz 

Hence, the mass matrix can be written as: 



(21) 



M 



( 1 ( gl+|2£+|2| 

l 

xi-»(6^-6z) 



1 / 

1W \ r%+V2~z+V2~z 



1 



; 2 z+s 2 z 



ri' 1 +r] 2 z+r)' 2 z 



( 

+ B x z + 5if 


V -A 2 - B 2 z - B 2 z A 4 + B 4 z + i? 4 z 



X '-,(^Z-%Z) 

1 / ai— »(q 2 z— « 2 2) 
¥F\ Pi+foz+foz 

A 1 + £12 + Siz 
A 3 + B 3 z + B 3 z 
A 2 + B 2 z + £ 2 z 



lil 



Xi-»(6z-6z) 
m+V2Z+r)2Z 

X?,-i(.&z-&z) 
ri' 1 +r)! 2 z+Tt' 2 z 

A1+A22+A22 

Wl+W 2 Z+tJ22 



r]' 1 +r/' 2 z+r]' 2 z 

0L\—j(0L2Z — 6L2Z) 

Pl+fcz+fcz 



Ul+l> 2 Z + l>2Z 
Vl' + U2 1 z + v' 2 z 



rfl+V2Z+V' 2 Z 
A 2 + B 2 + £_ 2 2 \ 

-A 2 - B 2 z - B 2 z A 4 + B 4 z + B 4 z 
A l + B 1 z + B l z 

A 1 + B 1 z + B 1 z A 5 + B 5 z + B 5 zJ 



(22) 



The j4jS, BiS and BiS are quadratic in the fluxes /jS. 



2.1.1 Non-zero Positive Eigenvalues of the Mass Matrix and (Arithmetic) Elliptic Curves 



If the eigenvalues of the mass matrix are positive then one gets an attractor solution - for negative 
eigenvalues, the interpretation is not very clear (See section 4). The eigenvalues of M are given by: 

^(l)±Vt2)± 



(3) 



, where 



(1) = A 3 + A 5 + (B 3 z + B 5 z + c.c.) G R, 

(2) = (A 4 + l -A 3 - X -A h + ( ( g 3 + fl5> + c c )2 _ ^ _ ^ + _ ^ 4jE > 3 + c c ) G R 



(23) 



(24) 



(3) = A + Bz + Bz G R. 
We will now impose the following real non-linear (in the fluxes) constraint: 

(3) = A + Bz + Bz = 0. 
Now, the following is part of the expression "(3)": 

-2 A x 2 + 2A 2 2 - A A 2 + A 3 A 5 + {-4A 1 B x z + AA 2 B 2 z + A 5 B 3 z - 2 A A B A z + A 3 B 5 z + c.c.)(25) 
If (25) is set to zero, then one can recast (24) in the following form: 



A 3 3 + A 2 3 a 2 (A 5 , B 3 , B 3 - z, z) + A 3 a 4 (A u A 5 , B U B ± ,B 2 , B 2 , B 3 , B 3 , B 5 , B 5 ; z, z) 
= A\ + A 4 a 3 (B 4 , B 4 ) + a 6 (A 1 ,A 2 , A 5 , B U B U B 2 , B 2 , B 3 , B 3 , B 5 , B 5 ; z, z), 



(26) 
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which, is an elliptic curve fibered over C 8 (Ai + iarg(y), A2 + 1A5, B±, i? 2 , B3, B 4 , B§, z). One can compare 
(26) with the following elliptic curve over any field: 

y 2 + a\xy + a 3 y = x 3 + a 2 x 2 + a 4 x + a 6 , (27) 

for which the j-invariant is defined as: j = ( a i +4a2 ) — ^24(aia 3 +a 4 ) w ] iere discriminant A = — (a 2 + 
4a 2 ) 2 (af a 6 - aia 3 a 4 + a 2 al + 4a 2 a 6 - a 2 ) + 9(af + 4a 2 )(aia 3 + 2a 4 )(a 2 + 4a 6 ) - 8(aia 3 + 2a 4 ) 3 - 27(a§ + 4a 6 ) 2 . 
Interestingly, the equations (7) can be rewritten as: 

= - c ^(_k)- ( 2§ ) 

If the 2x2 matrix in (28) is SL(2, Z)-valued, then (28) can be compared with following endomorphism 
E -> E requiring A(Z + rZ) C Z + rZ, A G C, for an elliptic curve £ = C/(Z + rZ): 




C M / Vr 



i(d + 6) 



implying a complex multiplication Z + co Z represented as: mil + m 2 I 2 x , . I , where (A, — 

V — c 2 v ~ ") / 

M, C) = l{a, b, c) (I being the greater common factor) and D = b 2 — 4ac (See [14]). The modular parameter 
r, which is supposed to satisfy: ar 2 + br + c = 0, gets identified with — ■ It would be interesting to see if 
one could further impose the condition that this value of r satisfies the above definition of the j-invariant 
function where it is understood that j = j(r = — {Ai}, {Bi}, {Bi}). Such an elliptic curve is what is 
referred to as an "arithmetic elliptic curve" (See [14] ) 4 . 

To ensure that the eigenvalues are real, we now impose the following additional real and again non- 
linear(in the fluxes) constraint: 

-A4A5 - A 3 A 4 + z(A 4 B 5 - A 4 B 3 + c.c.) = 0. (30) 

Thus one is guaranteed to have two, doubly degenerate, real eigenvalues of M, ± \/2). One thus 

sees the possibility of getting attractor as well as repeller (see section 4) solutions depending 
on whether (1) > \/2 or (1) < \[2. 

To summarize, from (7), one gets two complex, or four real constraints and then three additional real 
constraints from (24), (30) and (25) on the six integer-valued fluxes /jS, the complex structure moduli z,ip. 



4 Related to complex multiplication, one can choose a Weierstrass model for E given by(See [15]): 

y 2 = Ax 3 - c(x + 1), c = , 273 , j + 0, (12) 3 , 

y 2 = x 3 = 1, j = 0, 
y 2 = x 3 + x, j = (12) 3 . 

If gcd(a, b, c) = 1 and D is the fundamnetal discriminant (which means a discriminant of a quadratic imaginary field Kb = 
Q[iiJ\DW = {a + iby/\D\ : a,b € Q}), then j(r) is an algebraic integer of order equal to the number of equivalence classes of 
fa ±\ 

integral binary forms I b 2 I using SL(2, Z)-valued matrices for similarity transformations. Also, Koijin) is Galois over 
K D and independent of t;, where each corresponds to the distinct ideal classes in the order 0(K D ). 
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2.1.2 Zero Eigenvalues of the Mass Matrix 



We assume that one or more of the four eigenvalues of the mass matrix M, vanish. Now, if one wishes to 
ensure that one still gets an attractor solution for the eigenvalue(s) zero of M, then one needs to show that 
the effective potential when expanded about the extremum, has no cubic terms and that the quartic terms 



are positive [11]. Abbreviating 



as fij, the mass term can be written as: 



(SRe(z) 5Re{ip) 5Im(z) 5Im{ip) 






-n 3 



^3 

n 4 



o 

-n 3 
o 



n 3 \ 

^5 



f 5Re(z) \ 
SRe(ip) 
Slm(z) 

\5Im{^)J 



( 



A null eigenvalue would therefore satisfy: 











4 


Qi 


n 2 







n 3 







-n 3 


Q 4 


Hi 


n 5 / 



oue{z) 
SRe(ip) 
Slm(z) 

\-Q 3 Q 4 Hi f2 5 / \SIm{ip)J 
(implying one can consistently set Sip = 0) would be a valid eigenvector provided 5 : 

n-, = n 3 = o. 



One can show that the extremum effective potential can be written as: 

/ a(arg(ip )) + b(arg(ip ))z + b(arg(ip ))z 



0. One sees that 



(31) 



/ SRe(z) \ 


Slm(z) 




^cff 



\A(arg(ip )) + B(arg(ip ))z + B(arg(ip ))z 



(32) 



(33) 



which for zo — ► zo + <feo> setting (5^o = 0, when expanded in powers of Szo, can be shown to be as given in 
Tables 1 and 2 below: 



Table 1: Terms cubic in fluctuations 



Type of Term 


Coefficient 


Sz 6 


B'\-Ab + aB) 


SzSz 2 


B(2ABb + B(Ab - 3aB)) 


{5z )' 2 Sz 


B(ABb + 2Abb-3a\B\' z ) 


(Sz f 


B'\Ab-aB) 



One sees that the cubic terms can be made to vanish by imposing: 

Im{b) = Im{B) = 0, Ab = aB, (34) 

and that the quartic term, given by a\B\ A > if a > 0. One therefore gets ten constraints ((7), (32), (34) and 
a > 0) on the ten parameters: /jS, z, ip. This indicates the possibility of the existence of attractor solutions 
for two-parameter Calabi- Yau 's away from the singular loci in the moduli space of the same. 

_ 8Re(y) 

J The most general eigenvector would be: -J— (2 — fi 3 — Qi)5Re(y) ' wnere ^ x f " , "3 f 0. The calculations are more 
involved but the main idea remains the same. 
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Table 2: Terms quartic in fluctuations 



Type of Term 


Coefficient 


(^o) 4 


B 3 (-Ab + aB) 


(5z y i 5z 


B 2 (3BbA + ABb - Aa\B\ 2 ) 


l^ol 4 


\B\\BbA + BAb) 




B 2 (AbB + 3AbB) 




B 6 (-Ab + aB) 



2.2 Near the Singular Conifold Locus 

For points near the singular conifold locus: ■ 
given by: 



1 — 864?/> 6 , the period vector II, in the symplectic basis, is 



-1 


1 











^ 




( u ° \ 


3 


3 


1 


1 


1 


1 




2 


2 


2 


2 


2 


2 






1 





1 













Ll>2 


1 



















UJ 3 


1 





1 

2 





1 

2 









1* 

2 


1 

2 


1 
2 


1 

2 


1 

2 


\ ) 




V ^5 / 



n = 

V 

where w^s, the components in the Picard-Fuchs basis, are given as (See [10]): 

d /2^(1 -864V> 6 -^) 



(35) 



2m V4vr 2 (1 - <j>)< 



where fi((fi,ip) are analytic functions of 4> and ip, Ci 
Wis, about = 0, y = 0:^^0, are given as: 



Zn(l- 864V> 6 -0) + /i(<^), 
(1,1,-1,-2,2,1). Defining y = 1 



864t/> 



(36) 
(i <p, the 



/ fo \ 

h 
h 
h 

u 

V h ) 



14.87T 



/ -11.6 - 0.5* 
-13.3 — 1.4* 
-20.5 - 3.5* 
-34.2 - 25.9* 
-7.1 - 82.5* 

V 81.6-50.2i 



2.811 + 1.626* 
1.896 - 6.649* 
10.53 - 2.842*' 
7.079 - 0.264*' 
73.904 + 144.422*' 



1.9 + 1.2* 
1.5 - 6.2*' 
12.1 - 24.4* 
8.25 - 7.7* 
58.7 + 138* 




(37) 



156.6 + 107.911*' 156.6 + 126.2* / 



Near 



y = 0, the Kahler potential is given as: 

K = -In (A + B<t> + B<f> + Cy + CY + D\y\ 2 ln\y\ 2 



(38) 



which gives the following metric: 
/ B B 

9fj = 



B(C+Dy(l+log(\y\ 2 ))) 



\ 



(A+Cy+Bz+Cy+Bz+D\y\ 2 log(|j/| 2 )) 
B(C+Dy(l+log(\y\ 2 ))) 
V (A+Cy+Bz+Cy+Bz+D\y\2 log(|j/|2)) 2 



(A+Cy+Bz+Cy+Bz+D\y\ 2 log(|j/| 2 )) 
C (C-D y)-D (2 A+C y+2 B z-D y y+A \og{\y\ 2 )+B z log(|y| 2 )+B z (2+\og(\y\ 2 ))) 
(A+Cy+Bz+Cy+Bz+D\y\ 2 log(|j/|2))" 

(39) 



11 



Using the results of the appendices B and C, one can see that for |</>| << 1, \y\ « 1, 

g^D^DiWD-jW, d^DiWDjW, 

\ln{y)\ 2 ( a + b(j) + ccj> + fy + gy + hy ln(y) + ky Injy) + lylnjy) + mylnjy) + n\y\ 2 ln(\y\ 2 ) \ 
~ MM 2 ) V «' + fo > + c > + /'*/ + S'V + n'\y\ 2 lnj\y\ 2 ) J ' 

D WW ~ f a + b< P + c + fy + 9V + hy ln(y) + fcg ln(y) + lylnjy) + mylnjy) + re| j/| 2 ln(| j/| 2 ) \ 



and 



g ij D y DiWDjW, d^DiWDjW, D^WW 

Injy) \ln(y)\ 2 ^ \ ( a + b(j) + c(j) + fy + gy + hy ln(y) + ky Injy) + lylnjy) + mylnjy) + n|y| 2 /n(|y| 2 ) 



(41) 



y/n(|y| 2 ) ' y(/n|y| 2 ) 2 ' K » ') \ a' + 6'0 + c'0 + fy + 5 'y + n%| 2 /n(M 2 ) 

In equations (40), (41) and other similar equations below, it is assumed that only the forms and not the 
details of the different terms, apart from the (ln\y\) a pieces, are the same. This implies that 

/ a + b(j) + c<p + fy + gy + hy ln(y) + ky Injy) + lylnjy) + mylnjy) + n|y| 2 /n(|y| 2 ) \ 

~ Um \ a' + V<f> + c>0 + fy + <?'y + n'\y\ 2 lnj\y\ 2 ) J ' 

J_ / a + bcj) + c4> + fy + gy + hy ln(y) + feg /n(y) + lylnjy) + mylnjy) + nj j/| 2 /n(|y| 2 ) \ 
* ~ \y\ { a' + b'<j ) + d^ + f y + g'y + n'\y\ 2 lnj\y\ 2 ) J' [ } 

For the purpose of constructing the mass matrix, one needs to evaluate second derivatives of the black 
hole potential. 

Using the results of the appendices B and C, one can show that up to O (second order terms in z and/or 
y and their complex conjugates) in the numerators and denominators: 

/W^D^WDjW, di/WjD^WDjW, d^g* D t W DjW , D+D+WW, g i] d <p9(f)] D l WW 

ln\y\ ln\y\ ln\y\ \ ( a + b(j) + ccj) + f 'y + gy + hy ln(y) + ky Injy) + lylnjy) + mylnjy) + n\y\ 2 lnj\y\ 2 ) 

1 or , , ,„ , , , ,„ , 1, 



ln\y\ 2 ' ln\y\ 2 ' ' ln\y\ 2 J \ a' + V<f> + c>0 + fy + </y + n%| 2 /n(|y| 2 ) 

Therefore, 

/ a + b<f> + ccj) + fy + gy + hy ln{y) + fcy /w(y) + Zj/ln(j/) + mylnjy) + n|i/| 2 /n(|j/| 2 ) \ 
* ~ V a> + b'0 + c'0 + fy + g'y + n>\y\ 2 lnj\y\ 2 ) )' 1 ) 

Again, using the results of the appendices B and C, one sees that: 

dyg^DiDyWDjW, D y D y WW, /idygyjDiWW, g^DyD.DyWDjW, d^/W.WDjW 
\ln(y)\ 2 1 1 1 |/n(y)| 2 



(45) 



(43) 



yjln\y\ 2 ) 2 ' y \y\ ' y 2 ln(y) 1 y 2 (ln\y\ 2 ) 2 ' , 
a + b(j) + ccj> + fy + gy + hy ln(y) + ky Injy) + lylnjy) + myln(y) + n|y| 2 ?n(|?/| 2 ) 
a' + b'(f> + c'4> + /'y + g'y + n'|y| 2 /n(|y| 2 ) 
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This yields: 

1 / a + b<p + cj) + fy + gy + hy ln(y) + ky ln(y) + lyln(y) + mylnjy) + n\y\ 2 ln(\y\ 2 ) \ 
V V ~ Il/| 2 H*/I) 2 ^ a' + + c'0 + fy + </'y + n'\y\ 2 ln{\y\ 2 ) J ' 

(46) 

Similarly, using the results of the appendix B, one sees that: 

g^D^DiDyWDjW, d z g fj D^W DjW + D^D^WDjW, d z d^g fj DiWDjW, g^d g g^DiWW, D Z D^WW 

( a + H + cc/> + fy + gy + hy ln(y) + ky ln(y) + lylnjy) + myln(y) + re|y| 2 ln(|y| 2 ) \ 
X l, a' + 6'0 + cV + fy + 5 'y + n'|y| 2 Mly| 2 ) /' 

Therefore, one obtains: 

d d v — ( a + b< ^ + + — + 9 ^ + — + + + m y ln (y) + re M 2 MM 2 ) \ / 48 x 

" a' + ^ + C '0+/'y + <7'y + n'|y| 2 Ml2/| 2 ) / 

We now come to the evaluation of didjV - the other ingredient necessary for the evaluation of the mass 
matrix (8). Referring again to the appendix B, one sees: 

g^D^DiWDjD^W, 9i] g l] D t WDjW, d^DiWDjD^W, d^g* D { W D-W , d^D^WDjW, \W\ 2 g^, D^WD^W 

a + b<p + af> + fy + gy + hy ln(y) + ky ln(y) + lyln(y) + myln(y) + n\y\ 2 ln(\y\ 2 ) \ 



ln\y\,ln\y\,ln\y\,l,ln\y\, 1,1 



One therefore finally gets: 



a' + V<f> + d<t> + fy + g'y + n'\y\ 2 ln{\y\ 2 ) 



(49) 



/ a + b<p + C(f) + fy + gy + hy ln(y) + % ln(y) + Zj//n(y) + myln(y) + re|y| 2 /n(|y| 2 ) \ 
d^~ln|y|^ a / + ^ + c ^ + fy + 5 /y + n% |2 M | y | 2) J - ( 5 °) 

Similarly, using the results from the appendix B, one arrives at: 
g ij DyDiW DjDyW , d y g fj D l WD ] DyW + dy/WyD.WDjW, d y dy 9 fj DiWDjW, D y WDyW, \W\ 2 g y y 

1 1 1 2 , , ,2 



r,Ry)r,Ny| 



|y| 2 (Zn|y|) 2 ' |y| 2 /n|y| ' |y| 2 /n|y| : 
/ a + b(f) + ccf) + fy + gy + hy ln(y) + % £n(y) + lyln{y) + myln(y) + ra|y| 2 Zn(|y| 2 ) \ 
X V a' + V<t> + d<f> + f'y + y'y + n'|y| 2 Zn(|y| 2 ) / 

which finally yields: 

1 ( a + b(j) + c(f> + fy + gy + hy ln(y) + fcy Zn(y) + lyln(y) + myln(y) + n|y| 2 Zn(|y| 2 ) 



(51) 



|y| 2 Zn|y| ^ a' + V</> + c'<f> + fy + g'y + n'|y| 2 Zn(|y| 2 ) ^ ' 

(52) 
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Finally, using again the results from the appendices B and C, one sees that: 

g^DzDiWD-jDyW, d+g* DiWD-^DyW + d § g fj D^WD-jW, d+dyj 3 DiWDjW, \W\ 2 g^, D^WDyW 



ln(y) ln(y) 1 2 

FT' FT' /n lyl > Zn (^) 



a + b(f> + aft + fy + gy + hy ln(y) + fcy Zn(y) + lyln(y) + myln(y) + n|y| 2 Zn(|y| 2 ) 



a' + + c'<A + /'i/ + g'y + n'|y| 2 Zn(|y| 2 ) 



(53) 



which gives: 



d<f,dyV 



ln\y\ ( a + b<f> + c(f> + fy + gy + hy ln(y) + ky ln(y) + lyln(y) + myln(y) + n|y| 2 /n(|y| 2 ) 



1 2/ 1 \ a' + b'<p + d<p + fy + g'y + n'\y\ 2 ln(\y\ 2 ) )' 

One thus sees that the mass matrix of (8) is given by (retaining again only the most dominant terms): 

/0 \ 



(54) 



M 



1 

w 



Ai 

VO A 2 



A 2 

A 3 7 



(55) 



u A — I ai+b i 4>+b % 4'+fiy+}ty+hiy ln(y)+hjy ln(y)+kyln(y)+kyln(y)+ni\y\ 2 ln(\y\ 2 ) 
1 - 1 <+6^+6^+/>+/^+^|j/|2/n(|y|2) 



Hence, M will have at least 
one doubly degenerate null eigenvalue. One corresponding eigenvector of fluctuations in and y will be 



given by: 





SIm((f)) 




, alongwith the constraint: 



A 2 



Ai A. 



1^3- 



(56) 



Thus, from equations (34), (42), (56) and "a > 0", one gets nine constraints on the six fluxes /jS and the 
complex structure moduli (f>, y. 

One has to remember that the A,s are real- valued quantities constructed from the square of the fluxes and 
the complex structure moduli at the extremum of the effective black-hole potential. This is very interesting 
- A, e R, which implies that one gets, for null eigenvalues of the mass matrix, for points in the moduli space 
near the singular conifold locus, a version of an ^-singularity wherein one gets the embedding: 1^- R 3 , 



which is the real projection of the familiar T*(S ) for 



C - in short, the singular conifold locus in the 



moduli space of the two-parameter Calabi-Yau, corresponds to some version of A\- singularity in the space 
ImagefZ 6 -► §^-(-+ R 3 Jj fibered over C (cj>, y), when looking for nonsupersymmetric black-hole attractor 
solutions. 



3 Attractor equations for non-supersymmetric Attractors 

In this section, we now discuss getting non-supersymmetric attractor solutions using the "new attractor" 
equations of Kallosh [4], which are as follows: 



£./ = 2e K Im\WTl - g fj DiWDjU) . 



(57) 
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3.1 Away from the conifold locus 



Using the results of appendix A, one can show that the RHS, up to terms linear in the complex structure 
moduli, z, tp is independent of tp, and the attractor equations can be written as: 



h 
h 
-h 
-h 
\-h) 



a\+b\z+c\z \ 

a2+b2Z+C2Z 
a' 2 +b' 2 z+c' 2 z 
a3+b3Z+c.jZ 
a'„+b' a z+c' 3 z 
a4+b4Z-\-C4Z 
a' 4 +b' 4 z+c' 4 z 

a' 5 +b' 5 z+c' 5 z 
. a6+bez+c^z . 
\ a' 6 +b' 6 z+c' 6 z j 



(58) 



where a^, 6j, q depend on the fluxes /jS. This is not in contradiction with the analysis of section 2, where it 
is shown that the results depend, at best, on the phase of -0 and not its modulus - the attractor equations go 
one step further in showing that the attractors are also independent of the phase. The attractor equations 
(58) bring out a feature, which would become apparent in the analysis of section 2 involving extremization 
of the effective black-hole potential only after a complete numerical calculation, namely that for points away 
from the conifold locus, the nonsupersymmetric attractors are independent of one of the complex structure 
moduli (ip). 



3.2 Near the conifold locus 

Using results of appendices B and C, one sees that 

Im(WU) 



\s 6 / 



and 



Im(g ij DiWEhU ~ g^DyWDyU) 



\Hvf 

ln\y\ 2 



( o \ 




£4 



V / 



where 



£4, Sj = 



di + bi(f) + bi4> + fiy + fiy + hiy ln(y) + Ky ln(y) + kyln(y) + hyln(y) + rn\y\ 2 ln(\y\ 



a\ + Vrf + b'^ + + fiy + n^| 2 /n(|y| 2 ) 
The only way to satisfy the attractor equations (57) is to impose 

h = £4 = 0. 



(59) 
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Thus, the attractor equations show that the attractor solutions of section 2 (obtained by extremization of 
the effective black hole potential and analysis of the eigenvalues of the mass matrix) must include switching 
off of one of the six components of the fluxes - this would become apparent only after a complete numerical 
analysis of section 2. 

4 Conclusion 

We looked at an example of (the mirror to) a two-parameter Calabi-Yau (expressed as a hypersurface in a 
weighted complex projective space) and looked at possible non-supersymmetric black-hole attractor solutions 
by extremization of an effective potential, for points away and close to the singular conifold locus. For the 
former, we showed a connection between non-supersymmetric black hole attractors and an elliptic curve and 
found a system of seven (for positive eigenvalues of the mass matrix for points in the moduli space away 
from the conifold locus) or nine (for null eigenvalues of the mass matrix for points in the moduli space near 
the conifold locus) or ten (for null eigenvalues of the mass matrix for points in the moduli space away from 
the conifold locus) constraints on the six integer fluxes and the two complex structure moduli. It might be 
possible to interpret the black-hole extremization as an endomorphism involving complex multiplication of 
a possibly arithmetic elliptic curve. For points close to the conifold locus, we found a connection between 
non-supersymmetric black hole attractors and an A\ singularity. From the point of view of the attractor 
equations of [4], we saw that for the former case, the nonsupersymmetric attractor solutions are independent 
of one of the two complex structure moduli. For the latter, the attractor equations of [4] imply switching 
off of one of the six components of the fluxes. Both would become manifest only after a detailed numerical 
computation involving extremization of the effective potential and analysis of mass matrix eigenvalues and 
therefore serve as good checks on the numerics involved in the analysis of section 2 - one must however 
make note of the fact that the black hole potential extremization analysis, even without doing any detailed 
numerical analysis, already tells us that the nonsupersymmetric attractors for points in the moduli space 
away from the singular conifold locus, can have, at best, only a phase-factor dependence on ip and are 
independent of and the attractor equations analysis says that even the phase factor dependence is 
absent. The mass matrix can take negative eigenvalues, in addition to positive and null - the eigenmodes 
for the negative eigenvalues could perhaps be interpreted as non-supersymmetric repellers 6 , or might be 
interpretable as a flop transition in the extended Kahler cone [13]. 

Using tools from computational algebraic geometry, one could hope to do a better job in actually doing 
the numerical computations related to the present work on supersymmetric black-hole attractors (and also 

6 This was suggested by R.Kallosh to one of us(AM). 
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flux vacua ([16]) attractors) 7 . Attractor basins ([7]) and area codes, is another aspect which could be 
looked into. Further, it would be nice to see whether the particular Calabi-Yau considered in this work is 
an "arithmetic attractor" (See [14] ) 8 . 
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7 The basic idea is to use the "splitting principle" in which for some positive integer I, the algebraic variety L corresponding to 
the radical ideal \/7 is expressed as: L(v7) = L(y/ (J : /°°)) U L(-v/ (I : /')) for some polynomial / and the ideal I = (fi, /„}, 
where the first term on the right hand side is the algebraic variety corresponding to the radical of "saturation" of the ideal 
7, implying a subvariety for which / / 0. For the purposes of finding (non)supersymmetric attractors and/or flux vacua one 
chooses fis to be the numerators of DiWs and I to be (dV). Then (See [16]) 

L((dV)) = L{(dV,D 1 W,...,D n W))U i L(((V,D 1 W,...,D i - 1 W,D i+1 W,...,D rl W} : AVT°)) 
U U itj L((({dV, DiW, A-iVK, D l+1 W, Dj^W, D 3+1 W, D n W)) : JW°°) : DjW°°)... 
UL((...{dV : ZW°°) : ...D„-iW°°) : D n W°°), 

implying that one gets a SUSY vacuum from the first term, and non-SUSY vacua for the rest with, e.g., the second term 
implying violation of one of the n F-flatness conditions and the last implying violation of all n F-flatness conditions. Stable 
isolated vacua are associated with the real roots of the zero-dimensional primary decomposition. 

8 In fact, as shown in [14], the two-parameter Calabi-Yau expressed as a degree-eight hypersurface in WCP 4 [1, 1, 2, 2, 2]: 



8,8,4,4 4 o , TT i 4 4 

Xl + X-2 + X 3 + X A = X 5 — 8lp 1 1 Xi — 2<f>X 1 X 2 



is an arithmetic attractor for ip = 0. The ratio of the the periods is related to a Schwarz triangle functions Sk(z) = -fa — , k = 
0, 1, oo where corresponding to a given 2-Fi(a, b; c; z), 

i°\_f 2F 1 (a,b;c;z) 



2-Fi (a + 1 - c, b + 1 - c; 2 - c; z) 



2-Fi(a, b; 1 — c + a + b; 1 — z) 
« ) ~ \ (1 - z) c - a - b 2 F 1 (c-a,c-b;l + c-a-b;l- z) 

/ z~ a 2 Fi(a,a+l-c;l + a-6;i; 
2 Fi(6,fe+l-c;l-a + &;i 



(i) I - \ z -b 



) for the triangle arithmetic group (corresponding to reflections in the sides of a (curved) triangle with angles f , ^ , ^ : 
j + ^ + ^ = or > or < 1 for Euclidean or sperical or hyperbolic triangles respectively, l,m,n being positive integers greater 

than or equal to two I (2, 4, oo) 
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A Covariant derivatives relevant to the calculations 



In this appendix, we give analytic expressions for (almost) all covariant derivatives of the period vector and 
the superpotential for points in the moduli space away from the conifold locus. It will be understood that 
one has dropped terms quadratic in (complex conjugates of) z, ip and their products in the numerators and 
denominators of all expressions in this appendix - this is indicated by "~" . 

A.l Covariant derivatives of II 

For the purpose of discussing the generalized attractor equations of [4] for non-supersymmetric attractors, 
one would need expressions for D^IL which we give below: 



1 ?' 7 i 17 1 1 3 1 Q 1 

(i) D- Z U ~ {{-r— -3 ±** ("I + Conjugate((-ir*)) (48 2 F,{-, ±, l,-) + 7 2 F^ ^, 2, -) 



^6 

( C + M( _ 576 2i r 1 (^ i ^ ) i i i) + f ( 48 2jFl( ^^ )1; i ) + 7 ^(13,19,2,1))) 

a + cz + cz 



)}• 



1 7 7 1 7 1 7 1 13 19 

{ i 5 ^ (3-2i+4Conj U gate((-l)-2)+Conjugate((-l)-2)) (48 2 F 1 (-, -, 1, -)+7 2 F 1 (-, -, 2, 



(c + /lz)( _ 576 ^(^,1,1)+ 5(48 ^(^^,1,1) + 7 ^(13,19,2,1))) 

a + cz + cz 

1 /I * x * .„ „ / 1 7 1, „ „ ,13 19 1 N 
i^^73^ + T^)^( 48 ^i(io.To' 1 .7) + 7 **i(v>'To' 2 >7) 



), 



)}, 



"23r(§) 18 18 v 12'12' '4 7 v 12'12' 

(c + M( _ 576 ^(^^,1,1) + ^ (4 8 2jFl (^^ )1; i ) + 7 ^(13,19,2,1))) 

a + c z + 

{ 2i(. + «Ur (t )' 5' ri(tfa ^V 1 -^™' 
+48 « 2Fl (-L i: I,l,l, + 576/,, .^(1,1,1,^+70 2 f i( H,12, 2 ,i ) + 7 „ 2Fl( l|,l£, 2 ,i ))} , 

17 1 17 1 13 19 1 13 19 1 

+48cz 2 i ? i(— ,— ,1, -) + 576/tz 2 *i(— ,— ,l,-) + 7a 2 F 1 (— , — , 2, -) + 7cz 2 iq(— , — , 2, -))}, 
v 12 12 4 12 12 4 12 12 4 12 12 4 

1 9 7 7 171 131Q1 



a + cz + cz 



)}• 
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(ii) DjU ~ {{~t 



23 {a + cz + cz)Y(lf 



-l 7 



— 7T2 (-1 + Conjugate((-l) 12 ))^ (g z + b 



- 171 171 13 19 1 

+(d + zConjugate(j))z) (-576 2^1 ^ ' 4 } + * (4§ 2 ^ l( 12 ' 12 ' 4 } + 7 2i?l( 12' 12' 2 ' 4 ))} 



| 7T ^ ( o 

l 36 ^\ a + cz + cz)va) 3 



2§ tt5 (3 - 2i + AConjugate((-l) 12) + Conjugate((-l) 12)) 



-- 171 171 13 19 1 

x + 6+ (d + zCon^ate(j))«) (-576 2 Fi(— , — , 1, -) + z(48 2 Fi(— , — , 1, -) + 7 ^(-,-,2,-))) 



+108 (-128 EllipticK (^) + z (32 >/6 EllipticK '(|) +9^ 2 Fi(^, ^ 2, i)))) 



} 



{-T 



1 



23 (a + cz + cz)r(|) 3 



{ 7T '0 ( q 

18 ( a + cz + cz)r({j) 3 



(-(^) " ^) Y 5 (gz + 6 + (d + zConjugate(j)) z) (-576 2*1 (-^, ^, 1, ^) 

17 1 13 19 1' 

+ J (« 2 F 1 (-,-,l, i ) + 7 2 F 1 (-,-,2, I )» 

2 5 17 1 

2§ tt§ (<?z + 6 + (d + z Conjugate^)) *) ("576 2F 1 (—, —, 1, -) 



171 13 19 1 — 2 2 571 

+z(48 2 F 1 (-,-,l, i )+7 2 F 1 (-,-,2,-)))+54(-128v / 6MZipti^ ^(-,-,2,-))) 



}) 



^36 ^ l (a + cz + c ^r(|) 3 



2 r 17 1 

23 tt! (gz + 6 + (J + z Conjugate^)) z) (-576 2^i(^> ^' 4' 



7 1 13 19 1 2 2 571 

^(48 2 Fi(-,-,l,-)+7 2 Fi(-,-,2,-)))+M(-128v^£Hijrf^ ^^^,2^)))) 



{ 7T ( n 

l 36 ^\ a + cz + c ^r(|) 3 



2§ vrf (l+Coniu 5 ate((-l)i 7 2)) (g z+b+(d+z Conjugate^)) z) (-576 2 F 1 (^, ^, 1, 1) 



171 13 19 1 — 2 2 

+z (48 2 Fx(-, — , 1, -) + 7 2 F 1 (-, — , 2, -))) + 108 (-128 V 6 EllipticK (-) + z (32 VE EllipticK (-) 



+9.^(^,2,1)))) 



}} 



A. 2 Covariant derivatives of W 

In this subsection, we list the covariant derivatives of the superpotential. It is understood that all expressions 
below are expressed as complex rational functions in the complex structure moduli z, ip retaining terms only 
linear in the same in the numerators and denominators of the expressions. 
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A.2.1 DiW 

We give below expressions for covariant derivatives of the superpotential which will be relevant to extremizing 
the effective potential via equations (4) - (7), and also for studying the generalized attractor equations for 
non-supersymmetric attractors. 



(i)D z W j 7 

23 ( a + cz + cz)r(|) 3 



_i (2(-i + (_i)&)/ 1 + ( 3 + 2i + 4(-l)£ + (-!)*) /i 



+(2 + 2i) h + 2/ 4 - h + F<5 + (-1)^ F6) vrl (48a 2^(1, ^ 1, \) + 576c 2^(1, 1 1, 1) 

13 19 1 17 1 17 1 13 19 1 

+7 ° 2F1 ^^ 2 '4 ) + 2 " (48C 2 ^12'12' 1 '^ + 576/t ^Y2^A ) + 1C ^Tru^l^ 



(a + cz + cz)r(|) 



^ l 2 a (2 (-1 + (-1) vs ) f x + (3 + 2 z + 4 (-1) T5 + (-1)12 ) f 2 + ( 2 + 2 i) f 3 



+2/4-/ 5 +/6+(-l)*/ 6 )7ri (&+dz+(jz+s)z)(-576 ^(^,^,1,^+48^ ^(^,^,1,^+7* ^(H i£ 2 ,^)) 
+108 /i (-128 Vh~ EllipticK (^)+32 \/6 z EllipticK(^)+9 ir z 2 Fi(^, ^, 2, ^))+108 / 4 (-128 V6 EllipticK (^) 
+32 V6zEllipticK(^) + 9 irz 2^1^, J, 2, ^)) - 54 / 5 (-128 Vh~ EllipticK (^) + 32 Vh~ z EllipticK (^) 
+9ttz 2 Fi(^, ^, 2, i)) + 108 / 6 (-128 EllipticK '(|) + 32 V6 z EllipticK{^) + 9irz 2 F 1 (^, J, 2, i)) 



A.2.2 A-DjH^ 



We give below expressions for the double covariant derivatives of the superpotential that will be relevant to 
extremizing the superpotential (equations (4) - (7)) and for studying the mass matrix (equations (8) - (22)). 



(i)D f D z W ( -g 

36 \(a + cz + cz)T(lf 



2" 



(2(_i+(_i)i2)/ 1 + (3+2t+4(-l)«+(-l)s)/ 2 +(2+2i)/ 3 



+2/4-/ 5 +/6+(-l)^/ 6 )vrf (d+jz)(-576 2 ^(1, 1, 1, l)+48z ^(1, 1, 1, l) +7 z ^(^,^,2,1)) 

2§(2(-l + (-l)n)/ 1 + (3 + 2i+4(-l)H + (-l)n)/ 1 + (2+2i)/ 3 +2/4-/5 + /6 



(a 2 + 2a(cz + cz))r(|) 3 



+(-!)& / 6 ),r§ ( c +hz)(b+dz+(jz+g)z) (-576 ^(1 ^, 1, ±)+48* 2^(^,^,1,^+7^ 2 ^i(^, ^, 2, i)) 



+ 



1 



(a 2 + 2a(cz + cz)) T( 



5^3 



25 (2(-l + (-l)s)/ 1 + (3 + 2i+4(-l)s + (-l)s)/ 1 + (2+2i)/ 3 +2/4-/5+/6 
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+(-l)£ f G )J(b+dz+gz)(A8a 2 ^(1, 1, 1, 1)+576c 2^(1 1, 1, i)+7a 2 Fx(H ^, 2, (48c ^(1,1,1,1) 

171 13 19 1 2 571 2 

+576/i 2 Fi(— , — ,l,-)+7c 2 Fi(— ,— ,2,-)))+108/i(32v^£M»j^^ 

+97T 2 F 1 (^,2,i))-54/ 5 (32v / 6^WcK(^)+97r 2^(^,2, ^))+108/ 6 (32 ^^^(^+9^ ^(^,2,1)) 

54 (2 /! + 2 / 4 - h + 2 / 6 ) (c + hz) (-128 y/6 EllipticK{\) + 32 ^6 z EllipticK^ + 9tt z 2 Fi(f , |, 2, |)) 

a + c z + cz 



(u)D z D x W 



25 (a 3 + 3a 2 (cz + cz))r(§) 3 



36 



(2 (-1 + (-l)T^) ^ + (3 + 2i + 4 (-l)T^ + (-1)12) f 2 



+ (2 + 2i) h + 2/4 - /s + h + (-1)* /e) ^ (c + /iz) (2 (a + cz) + (2c + hz) z) (48a 2 Fi(-^, ^ 1, i) 



+576 c 2 Fi( 



1 7 
12' 12 



,l,7)+7a 2 Fi ( 



13 19 „ 1 



12' 12 



2, -)+z(48c 2 Fi( 



1 7 

12' 12' 



1 



l, 7 )+576/i 2*1 1 



1 7 
12' 12 



,1 ,-)+7c 2 F 1 ( 



13 19 „ 1 



12' 12' '4 



2,7))) 



if 1 
(iii)D z A/, W vr ib I T 

1 j * * 36 ^ V(a + cz + cz)r(|) 3 



23 (2 (_l+(-l) T5) /l+ (3+2i+4 (_l)i5+(-l)T5) / 2 +(2+2z) / 3+ 2/ 4 -/ 5 +/ 6 



+ (-1)* /e) tt! (6 + dz + (j z + g) z) (48 ^(1, 1, 1, \) + 7 ^(H ^ 2> I)) 



(a + cz + cz)r(§) 3 



2 

2s 



2 (-1 + (-l)s) fl + (3 + 2i + 4 (-l)T^ + (-1)12) /, + ( 2 + 2i) / 3 + 2/4 - f 5 



+/e + (-l)^/ 6 ) tt! (d + jz)(-576 2 F l( l,l,l,I)+48z ^(^ 1 1, 1) + 7z 2 F l( l|^,2,±; 



(a 2 + 2a(cz + cz))r(|) 3 



23 (2(-l + (-l)T2)/ 1 + (3 + 2z + 4(-l)T5 + (-l)T2)/ 1 + (2 + 20/3+2/4-/5 + /6 



+(-l)H/ 6 ) 7r l( c+ ^ f )( 6+dz+ (j Z+ 5) f )(_576 ^(1 1 l,±)+48z ^(1 1,1, 1)+7z ^(^,^,2,^)) 
+108 /1 (32 V§ EllipticK^) + 9tt 2 *i(jj, J, 2, ^)) + 108 / 4 (32 ^6 EllipticK '(|) + 9tt 2 Fi(|, ^ 2, J)) 
-54 / 5 (32 \/6 EllipticK^) + 9tt 2*1^, ^, 2, i)) + 108 / 6 (32 >/6 EllipticK '(|) 



+9^*4^,2,1) 



(c + hz) 


1 


a + cz + cz 


L(a + cz + cz)r(|) 3 



23 (2 (-l+(-l)T2) / 1+ ( 3 +2z+4 (-l)T2+(-l)T2) /, 



+(2 + 2 i )/ 3 + 2/ 4 -/5 + /6 + (-l)^/6)vrf (5 + dz + (iz + 5)^)(-576 ^(^ 1 1,^) 

17 1 13 19 1 2 2 

+48 z 2 Fi(— , — , 1, -) + 7z 2 Fi(— , — ,2, -)) + 108 /1 (-128 V6 EllipticK(-) + 32 V6 z EllipticK (-) 
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+9 7T z 2 Fi(^, ^, 2, i)) + 108 / 4 (-128 y/l EllipticK^) + 32 y/6 z EllipticK -(|) + 9tt z 2 Fi(^, J, 2, i)) 
-54/ 5 (-128 V~6 EllipticK (^)+32\/~6z EllipticK (^) +9 irz 2i ? i(^, J, 2, ^))+108 / 6 (-128 VI EllipticK {^) 
+32 V6z EllipticK (^) + 9 irz 2^1(^,2,^)) 



ITT 



36(a + cz + cz)T{lf 



23 (2(-l + (-l)T5)/ 1 + (3 + 2i + 4(-l)i5 + (-l)i5)/ 2 + (2 + 2i)/3 



+2/4-/ 5 +/6+(-l)*/6)7rl (6+d z +(j^)f)(-576 2 F 1 (^, ^, 1, J)+48z 2^(7^ 1, 1, i)+7z ^(H, i| )2 , ±)) 
+108 /1 (-128v^^Zijrficlf(|)+32V^«£?Ziii?ttcK'(|)+9ir« 2i ? i(^, 2, i))+108/ 4 (-128 V6 EllipticK (^) 
+32 ^6 z EllipticK '(|) + 9vr z 2 Fi(^, J, 2, i)) - 54 / 5 (-128 ^6 EllipticK^) + 32 V6 z EllipticK '(|) 
+9ttz 2 -Pi(^, J, 2, i)) + 108 / 6 (-128 EllipticK (^) + 32 V6 z EllipticK (^) + 9irz 2 F 1 (^, ^,2, i)) 



A.3 DiDjDkW 

We give below expressions for the triple covariant derivatives of the superpotential which will be relevant 
to the calculation of the mass matrix (via equations (8) - (22)). For triple covariant derivatives of the 
superpotential, an example of a short expression is: 



{\)D Z D Z D Z W 



25 (a 3 + 3a 2 (cz + cz))Taf 



_J(2(-l + (-l)n)/ 1+ (3 + 2i+4(-l)w+(-l)w)/ 2 +(2+2i)/ 3 +2/4-/5+/6 



x 7 . 2 „„ „ , 1 7 . l s „ , 1 7 . 1, _ „ ,13 19 „ 1, „ , 1 7 _ 1. 



12' 12' '4' 



+(-l)^/ 6 )^ 5 (c + /i^r(48a 2 F 1 (_,_,l, i )+576c 2^-, -, 1, 7 )+7a 2^1 

17 1 1 S 1 Q 1 

+ 576 A2 F l( -,-,l, i)+ 7c 2 F l( -,-,2,j))) 

and an example of a long expression is: 

1 



12' 12' 4 



2,-)+z(48c 2 F 1 (— ,— ,1, 



12 12' ' 4' 



X — 7T1p 



{a 3 + 3a 2 (cz + cz))T(lf 36 



2§ (2(-l + (-l)H)/ 1 + (3+2i+4(-l)H + (-l)^)/ 2 



l - , 2 ._ 2 .. 1 7.1 ,. 1:5 in 1 



+(2+2i)f 3 +2f 4 -f 5 +f 6 +(-l)T2 fair* (2da(cz+cz)+a'jz+a z d)(48 2 F 1 (-, —, 1, -)+7 ^(-,-,2,-)) 
22i(2(-l + (-l)s)/ 1 + (3 + 2i + 4(-l)s + (-i)n)/ 1 + (2 + 2i)/3 + 2/4-/5 + / 6 



r(|) 3 



17 1 



13 19 _ 1. 



+ (-1) 12 h) 7T2 (ac 2 + cadz + cagz + 6c 2 (z + z) + ac/iz)(48 2^1^, ^, 1, ±) + 7 2^1(7^ 777, 2, 7 )) 



12' 12' ' 4 ; 



22 



r(§) 3 



223 (2 (-1 + (-l)is) h + ( 3 + 2i + 4 (-l)T^ + (-l)s) A + ( 2 + 2i) f 3 + 2/ 4 - / 5 + h 



1 7 



1, 



1 7 



1 



13 19 1, 



+(-l)T5/ 6 ) ff 5 (d C 2 (z+z)+acjz+ad/iz+ac<i) (-576 ^(^,^,1,^+48 2 2 Fi(^, -, 1, 7)+^ 2^1(^,^,2,7)) 
1 



r(I) 3 



12'12' '4 y z ±v 12'12' '4 y ' 1V 12'12'"'4 / 

22i(2(-l + (-l)H)/i + (3 + 2i + 4(-l)ra + (-l)H)/ 1 + (2 + 2i)/ 3 + 2/4-/5 + /6 



1 7 



1, 



1 7 



1. 



13 19 _ 1 



+(-!)-> f6)TrHc 2 b+c 2 dz+c 2 gz+2bchz)(-576 2 F 1 (- ,-, 1 ,-)+48z 2 F 1 (- ,-, 1 ,-)+7z ^(-,-,2,-)) 



12' 12' 



12' 12 



12' 12' 



-(a 2 c + 2ac 2 (z + z + a 2 hz)) 



{a + cz + cz)T(lf 



2§ (2 (-1 + (-1)T5) /i + (3 + 2z + 4 (-l)s + (-!)£) ^ 



+ 



+ (2 + 2i) h + 2/4 - / 5 + k + (-1)* /e) vrf (6 + + 5^) (48 ^(1 ^, 1,1) + 7 2 ^i(||, 2, 1)) 

2 § (2 (-1 + (-l)s) + (3 + 2z + 4 (-l)s + (_i)s) /! + (2 + 2 i) / 3 + 2 / 4 - f 5 + f 6 



(a + cz + cz)T{lf 



+(-l)n/ 6 ),rt(d + jz)(-576 2^(1,1 1,1) + 48 z 2 F l( l, 1, 1, 1) + 7z ^(H 1| >2 , 1)) 

2§(2(-l + (-l)H)/i + (3 + 2i + 4(-l)w + (-l)ra)/i + (2 + 2i)/ 3 + 2/ 4 -/5 + /6 



(a + cz + cz) 2 r(f) 3 



7 17 1 17 1 13 19 1 

+(-l)A/ 6)7r § (& c+ct fe+ C p+6^) (-576 2 F 1 (-,-,l, I )+48z ^(-,-,1,^+72 2 Fi(-, -, 2, -)) 

+108/! (32 V6EllipticK(^) + 9tt 2 Fi(^, J, 2, 1)) + 108 / 4 (32 y/l EllipticK^) + 9tt 2 Fi(^, J, 2, 1)) 
-54/5 (32 V6EllipticK{^) + 9^ 2^i(|, |, 2, 1)) + 108 / 6 (32 VSEllipticK (|) +9^ 2j Pi(^, J, 2, 1)) 



+(ac 2 +c 3 ( z+z)+2ac/iz) 



V(a + c2; + cz)r(|) 3 



23 (2 (_i+(-i) is) / 1+ (3+2i+4 (-1) is+(-l) «) / 1+ (2+2i) / 3 +2 jWs+ie 



+(-!)& /<,)*§ (& + d* + 0z)(-576 ^(1, ^,1,1)+ 48 z 2 F 1 (± 1 1, 1) + 7z 2 Fi(^,2,J)) 
+108 /1 (-128 >/6£?iZijrficK'(|)+32 V6 z EllipticK(^)+9Tr z 2 Fi(^,2, l))+108/ 4 (-128 y/E EllipticK 
+32 V6zEllipticK(^) + 9irz 2 -Fi(|, J, 2, 1)) - 54 / 5 (-128 >/6 EllipticK (^) + 32 V6 £ EllipticK '(|) 
+9^z 2^1(^,2, l))+108/ 6 (- 128 vtofcptt^ 2 Fi(^,2,l)) 



1 



(a + cz + cz)r(|) 3 



- (a 2 c+2ac 2 (z+z)+a 2 frz) 
2f (2(-l + (-l)s)/ 1 + ( 3 + 2i + 4(-l)s +(-1)*) / 1 + (2 + 2i)/3 + 2/ 4 -/5 + /6 
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7 17 1 13 19 1 

+(-!)£ k)^{b+dz+gz) (48 2 F 1 (-,-,l, i )+7 2 F 1 (-, —, 2, -)) 



+ 



(a + cz + cz)r(f) 3 



23 (2(-l+(-l)T2)/ 1 



+(3 + 2i + 4(-l)^ + (-l)H)/ 1 + (2 + 2i)/3 + 2/ 4 -/5 + /6 + (-l)^/6)7rf (d+jz)(-576 ^(-L -L, 1, 1) 



+ 48, ^(1,^1, i) + 7, i» 2, 1))- + ^ 



2§(2(-l+(-l)H)/ 1+ (3+2i+4(-l)s+(-l)&)/ 1 



+ (2 + 2i) / 3 + 2 / 4 - / 5 + / 6 + (-1)* k) vrt (6c + cdz + eg z + bhz) (-576 2 Fi(-^, ^, 1, ^ 



+48 z 2 Fx(^, ^, 1, ^)+7z 2 Fi(^|, ^, 2, ^))+108/i (32 y/EEllipticK(^)+9ir 2 F l (^, 7 -, 2, i))+108/ 4 (32 V6EllipticK (|) 
+9^ 2 Fi(|,^2,i))- 54/ 5 (32V6^ijrficlir(|)+97r 2^1(^,2, ^)) + 108 / 6 (32 V6 EllipticK {^) 



„ ,5 7 (c + hz 

+9tt 2 Fi(-,-,2,-))^ 



L" 1~ I'V a + c(z + z) V(a + cz + cz)r(§) 3 



1 



23 (2 (-!+(-!) 12) / 1+ ( 3 +2i+4 (_1)15+(_1)15) / 1 + (2+2i) / 3 +2/ 4 



-/ 5 + /6+(-l)^/ 6 )vrf (6+dz+yz)(-576 ^(1, 1, 1, 1) +4 8z 2^1(7^ ^, 1, ±)+7 z 2 F 1 (^,^,2,^)) 
+108 /1 (-128v^^Mijrficiir(|)+32 V6«^ZHi?ttciir(|)+97rz 2 *i(|>^> 2 > ^))+108/ 4 (-128 V6 EllipticK (^) 
+32 V6zEllipticK(^) + 9irz 2 -Fi(^ J, 2, i)) - 54 / 5 (-128 ^6 EllipticK (^) + 32 ^6 z EllipticK '(|) 

+9tt z 2^1^ ^ 2, i)) + 108 / 6 (-128 V6 EllipticK (^) + 32 V6 z EllipticK (^) + 9 vr z 2 Fi(^, 2, J)) 

Because of the length of the expressions involved, we do not give the explicit forms of D Z D^D Z W , D^,D Z D Z W , 
D^pDipDipW , D^pDzDipW, D^D^D.W, D.D^D^W. 

B Covariant derivatives relevant to the calculations near the conifold 
locus 

We first write down the expressions for the period vector in the symplectic basis: 

/ 6o V + c 4> \ 



n 



bo y + c 4> 

01 + 61 y + ci ■ 

02 + 62 2/ + C2 

a 3 + c 3 </> + 6 3 y + 



04 + 64 y + c 4 
aa + hy + c 5 (p 



f y My) 



and then the superpontential: 



W = fi (b y + c 4>) + /2 (ai + h y + ci <j)) + / 3 (a 2 + 62 y + c 2 0) + h («4 + &4 y + c 4 < 

+/e (as + 65 y + c 5 0) + /4 (a 3 + c 3 + 6 3 y + / ^ ln ^ ), 

(-1 + 4>) 
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Now, we give expressions for the covariant derivatives of the superpotential relevant to the calculations in 
this paper. In all the following expressions, analogous to the results in appendix A, one retains terms linear 
in <f>, y as well terms of 0(|y|Zn|y|, |y| 2 £n|y|, ln\y\ 2 ) in the numerators and denominators. 

B.l DjW and D-fl 

We write out expressions for the first derivatives of the superpotential and the complex conjugate of the 
period that would be relevant, e.g., to the attractor equations of section 3.2: 



(i)D^W ~ c /i+ci / 2 +c 2 /3+C4 /5+C5 k~ 



2fUyHv) b 

(_1 + fy 3 A + Cy + B4) + Cy + B4) + D |y| 2 ln(|y| 2 



-(fi (bo V+CQ(f)) 



f y ln(y) 

+/2 (ai+h y+ci 4>)+h (02+62 2/+C2 4>)+h (04+64 V+ca 4>)+fa (05+65 2/+C5 4>)+fi (a.3+C3</>+63 y+ , , , 2 )) 



(ii)D y W ~ 6 /1 + 61 / 2 + 6 2 / 3 + 64 /s + 65 / 6 + 
1 



/4(/ + 6 3 (-l + 0) 2 + /ln(y)) 



A + Cy + B(j) + Cy + B<f) + D |y| 2 ln|y| 2 



(fi (60 y + c 4>) + /2 (ai + 61 y + ci 4>) + / 3 (a 2 + 6 2 y + c 2 0) 



+/ 5 (a 4 + 64 y + c 4 0) + / 6 (a 5 + 65 y + c 5 0) + / 4 (a 3 + c 3 + 63 y + /^^i )) (C + D y (1 + ln|y| 2 )) 



("1 + 



(iii)z^n 



ji B (bp y+c <j>) 

C ° A+C y+BJ>+Cy_+B<f>+p |j/| 2 ln|j/| 2 
B (ai+61 g+5i 0) 



Cl - 
C2 - 



A+Cy+BJ>+Cy_+B <f>+D \y\ 2 ln\y\ 2 

B (a2+fe g+52 4>) 

A+Cy+B<f>+Cy+B<f>+D\y\ 2 ln\y\ 2 

(-1+0) 



- _ 2fyln(y) _ 

C3 A+Cy+BJ+Cy+B<f>+D\y\ 2 ln\y\ 2 

- B (04+64 y+54 <j>) 

C4 A+C y+Bjp+C y+B 4>+p |j/| 2 ln|j/| 2 

, = g (Q5+fc5 j/+C5 <j>) 

V ° 5 A+Cy+B^+Cy+B^+Dlyplnlyp 



b 
61 



\ 



63 (-1+0) +/(l+ln(5)) 
(-1+0)" 
64 
65 
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B.2 DiDjW 

We list the second derivatives of the superpotential which would be relevant to the evaluation of the mass 
matrix in (55): 

W D *°* W ~ (-1 + 0) 4 A + Cy + B^ + Cy + Bj 

B 2 



(A + Cy + B<f> + Cy + B$f 



[fi ( b o y + co4>) + $2 (ai + hy + ci(f>) + f 3 (a 2 + 62 2/ + c 2 • 



+/ 5 (a 4 + 64 y + c 4 0) + fa (a 5 + 65 y + c 5 0) + / 4 (a 3 + c 3 + 63 y + 



5 



A+Cy+50+Cy+B0 



p 1 , . , , , . , 2// 4 yln(y) 

CO /l + Ci / 2 + C 2 / 3 + C 4 fa + C 5 / 6 — -3- 

(-1 + W 



( h ( b o y + co 0) + / 2 (ai + &i y + ci 0) + / 3 (a 2 + 6 2 y + c 2 0) 

fyMy) 



A + Cy + B</) + Cy + B(t>V 



+fa(a4 + b 4 y + c±(p) + fa(a 5 + b 5 y + c 5 <j)) + fa(a 3 + c 3 <p + b 3 y + 

(-1 + 0) 



-2// 4 2// 4 ln(y) 5_ 

(-1 + 0) 3 (-1 + 0) 3 ^4 + Cy + 5 + Cy + 5 + £> |y| 2 ln|y|' 



(ii) iVW ~ — ^ /'T ;f 3 - , i 777 i ^ i ^ i W2 I ni, a y„i2 ^ ^+62 /s+6 4 / 5 +6 5 /e 



/ 4 (/ + & 3 (-l + 0) 2 + /ln(y)) B / 

(-1 + 0) 2 ' (A + Cy + J B0 + Cy + i?0 + .D|y| 2 ln|y| 2 ) 2 V U J 1 ^ 

+/s (a 2 +6 2 y+c 2 0)+/ 5 (a 4 +6 4 y+c 4 0)+/ 6 (a 5 +6 5 y+c 5 0)+/ 4 (a 3 +c 3 0+6 3 y+ ^ ln ^) )") (c+D y (l+ln|y| 2 )) 



4 + Cy + 5 + Cy + S + D |y| 2 ln|y| 2 
2// 4 yln(y) 5 



("1 + 

(C + £> y (1 + ln|y| 2 )) (cq /1 + a fa + c 2 / 3 + c 4 / 5 + c 5 / 6 

/1 (&o y+co 0)+/2 (ai+61 y+ci 0)+/ 3 (a 2 +6 2 y+c 2 0) 



(-1 + 0) 3 A + Cy + B + Cy + 5 + L>|y| 2 ln|y| 2 

+fa (a 4 + 6 4 y + c 4 0) + fa (a 5 + 65 y + c 5 0) + / 4 (a 3 + c 3 + 6 3 y + / 7^7^ )) ) 

(-1 + 0) // 

2 6 3 / 4 2/ 4 (/ + 6 3 (-l + 0) 2 + /ln(y)) 



(iii) DfDyW 



-1+0 (-1+0) 
5 



(A + Cy + 50 + Cy + 50 + J D|y| 2 ln|y| 2 ) 2 



(ji (bo V + co 0) + / 2 (ai + 61 y + ci 0) + fa (a 2 + 6 2 y + c 2 . 



/yln(y) 



+/ 5 (a 4 + 6 4 y + c 4 0) + / 6 (a 5 + 65 y + c 5 0) + / 4 (a 3 + c 3 <j) + b 3 y+ \ yy / ) (C + Dy(l + ln|y| 2 )) 

(-1 + 0) 
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2 f co /i+ci /2+c 2 / 3 +c4 /5+C5 h-^^W) ( C+D a (!+ ln lyl 2 )) 

v -1 + / 



(^ + Cy + 50 + Cy + £0 + #|y| 2 hi|y| 2 ) V ' (-1 + 0) 
5 A , , . , . , . , / 4 (/ + 6 3 (-l + 0) 2 + /ln(y)) 

ITc^Tc?TWp# r /2+62 /3+&4 /5+6s /6+ piT^ 

1 

+fa («4 + 64 2/ + c 4 0) + / 6 (a 5 + 65 y + c 5 0) + / 4 (a 3 + c 3 + 63 1/ + ) ) (C + D y (1 + ln|y| 2 )) 

(-1 + 0) 



(/1 (60 y + co 4>) + /2 (ai + h y + ci (ft) + / 3 (a 2 + 62 y + c 2 < 



(W)DyDyW 



ffa D 



y (-1 + 0) 2 y(A + Cy + B<£ + Cy + B^ + Z> |y| 2 ln|y| 2 
/3 (a 2 + b 2 y + c 2 0) + fa (a 4 + 64 2/ + c 4 0) + fa (a 5 + 65 y + c 5 0) + / 4 (a 3 + c 3 + 6 3 y + 



/1 (&o y+co 4>)+h {ai+bi y+ci 0) 

/yln(y) 



(-1 + . 



(bo /1 + 61 h + &2 / 3 + h h + 65 /e + /4 (/+fc3 jElgj^ ln(y)) )(C + Dy(l + ln|y| 2 )) 
A + C y + B (ft + C y + B (ft + D\y\ 2 hi\y\ 2 

fi (bo y + c (ft) + / 2 (ai + 61 y + ci 0) + / 3 (a 2 + 6 2 V + c 2 ■ 



(.4 + Cy + B0 + Cy + £0 + J D |y| 2 ln|y| 2 ) 2 



+/5 (a 4 + 64 y + c 4 0) + fa (a 5 + 65 y + c 5 0) + fa (a 3 + c 3 + 63 y + - ; : 2 ) 



fyMv) 



(C + Dy(l + ln\y\ 2 )f 



1 ■ ■ ,2> 



A + C y + B <ft + C y + B (f> + D\y\ 2 ln\y\ 2 
2 



(C + Dy(l + ln|y| 2 )) 



60/1 + 61/2 + 62/3 + 64/5 + 65/6 



, / 4 (/ + 6 3 (-l + 0) Z + /ln(y)) 1 / 

+ A + g y + i^ + Cy + i^D|y| 2 ln|y| 2 ^ (6 ° y+C ° ^ (ai+&1 ^ +Cl 0) 

+/s (a 2 +6 2 y+c 2 4>)+fa (a 4 +6 4 y+c 4 </>)+/e (a 5 +6 5 y+c 5 </»)+/ 4 (a 3 +c 3 0+& 3 y+ Zr^I^ )) (C+^ V ( 1 -Kin 1 2/ 1 2 ) ) 

(-1 + 0) / 

B.3 DiDjD k W 

Because of the length of the expressions involved, we give below one example of a triple covariant derivative 

of the superpotential - triple derivatives are relevant to the evaluation of the mass matrix in (55): 

n n nw 6fU 4- 6 /^hi(y) ^ 2B// 4 (l + ln(i/)) 
JJyLfAJJfkW ~ j H j- H 5 = 

" (-1 + 0) 4 (-1 + 0) 4 (-1 + 0) 3 (A + Cy + B0 + Cy + B0) 

£ C (C /l + Cl fa + C2 /3 + C 4 fa + C 5 / 6 ~ ^ffl ) S 2 

+ ; = _ 2 ( +<t>) + - = ^2 ( b o /1 + 61 / 2 + 6 2 fa 

{A + Cy + Bcft + Cy + Bcft) 2 {A + C y + B (ft + C y + B (ft) 1 ' 



fa (/ + b 3 (-l + 0) 2 + /ln(y)) \ 2B 2 C 

(-1 + 0) 2 / (A + Cy + Bcft + Cy + B^Y 



+64 / 5 +6 5 fa+ J4VJ J ; - y 2 -tt-t; ( a ( 6 ° y +c * ( ai+&i y +ci 
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f y ln(y) \ 

+fa («2 + b 2 y + c 2 (f>) + fa (04 + 64 y + c 4 </>) + /e (05 + h y + c 5 0) + fa (a 3 + c 3 + 63 y + — -3 ) 

(-1 + 0) J 

B f -2ffa 2// 4 ln(y) B (b ° 71 + 5l /2 + 62 /3 + 54 h + 65 /6 + H (/+b3 (^f 1 ^ ) 



A + Cy + B^ + Cy + B^-l + ^r (-1 + $f A + Cy + B(f) + Cy + B(j) 

B C ( 

+ ; , — — _ — - 2 ( fa {bo V + co 0) + /2 (ai + &i 2/ + ci 0) + fa (a 2 + b 2 y + c 2 <t>) 



{A + Cy + B^ + Cy + B, 

f y ln(y) 

+fa ( a 4 + hi y + c 4 0) + /6 (a 5 + 65 y + c 5 0) + fa (a 3 + c 3 + 63 y + — -3 

+ aTc^TWTc?T5WTc^TWTWTWTWH^ I c (c ° /l+Cl /2+C2 /3+C4 /5+C5 /e 



2// 4 yln(y) B 



(_1 + (f,) 3 A + Cy + B4> + Cy + B4> + L>|y| 2 ln|y| s 

f y ln(y) \ \ 

+fa («2 + b 2 y + c 2 4>) + fa (a 4 + 6 4 y + c 4 <£) + / 6 (a 5 + 65 y + c 5 0) + / 4 (o 3 + c 3 + 63 V + — -3 ) 

(-1 + 0) // 

6// 4 yln(y) 5 (co /1 + ci / 2 + c 2 / 3 + c 4 / 5 + c 5 / 6 - ^fj^ 1 ) #2 



/1 (&o y + co 4>) + /2 («i + h y + ci ) 

(-i+^r 



(-1 + 0) 4 A+Cy+B^+Cy+B^ " + (^ + Cy + jB(/) + Cy + J B^ 2 l /l(&0y+C0</,) 

/yln(y) 

+/ 2 (ai+61 y+ci 0)+/ 3 (a 2 +6 2 y+c 2 )+/ 5 (a 4 +6 4 y+c 4 0)+/ 6 (a 5 +6 5 y+c 5 4> )+/ 4 (a 3 +c 3 0+6 3 y+— -3 

(-1 + 0) 

-(B(c / 1 + c 1 / 2 + c 2/3 + C4 / 5 + c 5/6 - Y^+y - A + C y + 4 + gi/ + B0 ( /l( ^ y + ^^ 

/ y ln(y) 

+/ 2 (ai+61 y+ci 0)+/ 3 (a 2 +6 2 y+c 2 )+/ 5 (a 4 +6 4 y+c 4 0)+/ 6 (a 5 +6 5 y+c 5 </>)+/4 (a 3 +c 3 0+6 3 y+— -3 

(-1 + W 

C The Complex Structure Moduli Space Metric (Inverse) and Its Deriva- 
tives Near the Conifold Locus 

We summarize below the forms of the complex structure moduli space metric inverse, and its various relevant 
(anti)holomorphic derivatives - Gi = a« + h<p + bi<f> + fay + fay + /i«y /n(y) + ^y ln(y) + kyln(y) + liyln(y) + 
«i|y| 2 M|y| 2 ) below: 



/ Constant £1 



£7 ~ I /=; Constant 
V yi ln\y\ 2 

.. 7 /Constant \ 

~ I Constant Constant I ' 
V fa|?+ |y| 2 / 
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y(ln\y\' 2 ) 2 
Constant 
y(ln\y\ 2 ) 2 



dydygV 

d4,dyg ij 

dyd^ 



yln\y\ 2 -'- 
y 2 ln\y\ 2 G-$ 

Qfs ln\y\ 2 G7 
ln\y\ 2 Q 7 ln\y\ 2 G 8 

( Constant 
{ 



Constant Constant 

y(ln\y\ 2 )' 2 y(ln\y\ 2 ) 2 

Constant Constant 

y(ln\y\ 2 ) 2 y(ln\y\ 2 ) 2 



ln\y[ 



y 2 (ln\y\ 2 ) 
ln\y 



^ (Constant) 



ln\y\ 2 
y 2 (ln\y\ 2 ) 3 
ln\yf 



(Constant) \ 



2 S\ 2 y (Constant) (Constant) J 



Constant 

y(ln\y\ 2 ) 2 

Constant 

y(ln\y\ 2 ) 2 

Constant 

WMvW 

Constant 



'2 




Constant \ 

WW? 1 

Constant I ' 

WW? / 

Constant 
Constant 
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